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Abstract
Following the proposal of [1], multi-particle scattering amplitudes are represented as
conserved higher-spin charges. The advantage of such reformulation is that multi-
particle amplitudes acquire the form of an integral of a closed form in the corre-
spondence unifying usual space-time with the twistor-like spinor space. This allows
one to identify seemingly different formulae for amplitudes in terms of twistor and
space-time integrals. Example of tree MHV amplitudes of Yang-Mills theory is
considered in detail. Our results are derived using unfolded dynamics formulation
of massless fields. In these terms all information on the amplitude is contained in
a single function η that, even for lower spin amplitudes, can be interpreted as a
higher-spin symmetry parameter. The proposed technique can be useful to relate
different approaches to amplitude calculations.
1 Introduction
The celebrated Parke-Taylor formula for the n-particle color-ordered tree-level maximally-
helicity-violating (MHV) amplitude with i-th and j-th gluons carrying negative helicity
has the form [2, 3]
A
(
c+1 . . . c
−
i . . . c
−
j . . . c
+
n
)
∝ Tr (T c1 . . . T cn) A(ij,1...i−1 i+1...j−1 j+1...n)
λ,λ˜
, (1.1)
where
A(ij,1...i−1 i+1...j−1 j+1...n)
λ,λ˜
=
〈λiλj〉
4
〈λ1λ2〉〈λ2λ3〉 . . . 〈λnλ1〉
δ(4)
( n∑
I=1
λIaλ˜Ia˙
)
. (1.2)
Here λa, λ˜a˙ with a, a˙ = 1, 2 are two-component spinors representing light-like momenta
paa˙ = λaλ˜a˙, and 〈λrλs〉 = εab λraλsb, εab = −εba, ε12 = 1. Formula (1.2) acquires deep
interpretation in terms of the underlying twistor and Grassmannian geometry [4, 5, 6,
7] and led to the discovery of dual superconformal invariance of scattering amplitudes
[8, 9] together with the infinite-dimensional Yangian symmetry for planar maximally
supersymmetric Yang-Mills theories [10]. Grassmannian integration approach was also
applied to calculation of form-factors and off-shell amplitudes [11, 12, 13]. Interesting
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perturbiner approach of [14, 15] interpret full Yang-Mills theory as a perturbation to its
self-dual (SD) sector. Generalization to the interacting conformal higher-spin (HS) fields
was proposed in [16, 17] within the twistor framework.
Amplitudes operate with free asymptotic states, i.e., free particles. It is well known
that free fields exhibit HS symmetries (see e.g., [18, 19]). These are generated by HS
conserved charges Qη bilinear in dynamical fields C [20] and represented by integrals of
an on-shell closed differential form Ωη(C)
Qη =
∫
S
Ωη(C) (1.3)
over a cycle S in the correspondence space Cor unifying a twistor-like space with spinorial
local coordinates ya, y˜a˙ and 4d-Minkowski space-time with coordinates xaa˙ [21]. Here
parameters η(y, y˜, x) parameterize charges associated with various (lower- and higher-
spin) symmetries of the free fields C. That the form Ωη is closed in the correspondence
space implies the conservation condition: Qη is independent of local variations of S. In
particular, this allows one to compute HS charges in the form of integrals over either
twistor-like space with spinorial local coordinates ya, y˜a˙ or Minkowski space.
Being bilinear in the fields C usual HS currents describe only two particles and thus are
of little interest for scattering amplitudes. However, as shown in [22], the construction of
conserved currents admits a generalization to the multi-particle case with any number of
scattering particles. Such currents were argued in [22] to form generators of the so-called
multi-particle symmetries [23] underlying multi-particle extensions of HS theories consid-
ered in [24]. The aim of this paper is to reformulate scattering amplitudes as multi-particle
charges of free fields. The benefit of such reformulation is that it gives an opportunity
to formulate scattering amplitudes both as integrals over spinor (twistor) space and as
space-time integrals. Note that n-particle currents are not local in the standard sense be-
ing defined in the appropriately extended generalized space containing Cartesian product
of n two-dimensional SD planes1 in the complexified Minkowski space (see Section 4). In
other words, multi-particle charges contain multiple space-time integrations.
Let us stress that our proposal is purely kinematical: construction of conserved charges
contains functional ambiguity in the parameters η which cannot be fixed at the level of
free asymptotic states, giving enough freedom to reproduce known amplitudes in the HS
framework. The freedom in η is to be fixed by the dynamical computation in a theory
in question, which is not the aim of this paper. Instead we say that, once η is given,
representation (1.3) can be used to pass from the representation of the amplitude in the
form of twistor integral to that in the form of space-time integral and vice versa. In this
paper we identify parameter η associated with tree MHV multi-particle amplitudes. Well
known from the HS side (see e.g. [22, 25]), this approach seems to be novel in application
to amplitudes were it can be used to explain equivalence of seemingly unrelated techniques.
The rest of the paper is organized as follows. In section 2 we recall the construction
of unfolded equations for free HS fields and their tensor products as well as the con-
struction of conserved charges. In Section 3 we represent MHV amplitudes (1.2) (also
for HS fields [26, 27]) as conserved charges and derive form-factors for gauge-invariant
HS field strengths. In Section 4 we derive MHV amplitudes in the framework of gener-
alized Minkowski space [1] where polylocal products of HS fields live. We conclude in
1By a SD two-dimensional plane in the complexified Minkowski space we mean linear parametrizaton
of xaa˙ by two variables z˜a˙ such that dxca˙ (z˜) ∧ dxcb˙ (z˜) = 0 (cf. Section 4).
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Section 5 by discussing general properties of the relation between scattering amplitudes
and conserved multi-particle HS charges as well as some perspectives.
2 Free higher-spin fields in the unfolded formalism
2.1 Field equations and their solutions
We start with the rank-one unfolded equation [28, 29](
∂
∂xaa˙
+ i
∂2
∂ya∂y˜a˙
)
C1 (y, y˜|x) = 0, (2.1)
where xaa˙ with spinorial indices a, a˙ = 1, 2 parametrize 4dMinkowski space-time which we
denoteM2, while ya, y˜a˙ are auxiliary variables. For C1 (y, y˜|x) being a formal power series
in ya, y˜a˙, equation (2.1) describes dynamics of gauge-invariant field strengths for massless
fields of all spins including spins 0, 1/2 and 1 in 4d Minkowski space. The dependence
on auxiliary variables in C1 (y, y˜|x) can be resolved with the aid of σ−-cohomology anal-
ysis, leaving one with primary multi-spinor fields c (x) , ca (x) , ca˙ (x) , . . . , ca(2s), ca˙(2s), . . . ,
representing (anti-)self-dual field strengths for spins 0, 1/2, . . . , s, . . . and descendants as-
sociated with all their on-shell nontrivial derivatives (see e.g. [29]).
Upon Fourier transform with respect to variables ya, y˜a˙, equation (2.1) imposes light-
like-momentum constraint
paa˙ = i
∂
∂xaa˙
∼ µaµ˜a˙ (2.2)
familiar in the spinor-helicity formalism (see e.g. [4]) and in the hyper-space approach to
HS theory (see [30] for a review). To see that constraint (2.2) indeed implies that paa˙ is
light-like it suffices to observe that p2 = det
(
paa˙
)
.
In fact, massless fields of spins s = 1, 3/2, 2, . . . are described by one-forms (gauge
potentials)
W
(
y, y˜
∣∣x) = ∞∑
m,n=0
1
m!n!
Wa1...am,a˙1...a˙n(x)y
a1 . . . yam y˜a˙1 . . . y˜a˙n, (2.3)
where Wa1...am,a˙1...a˙n = dx
cc˙ wc|a1...am,c˙|a˙1...a˙n . Spin-s fields have m + n = 2(s − 1). The
familiar lower-spin examples include electromagnetic potential W for s = 1 and vierbein
Waa˙ with Lorentz connection Wab, Wa˙b˙ for s = 2. At the free-field level zero-forms
C1 (y, y˜|x) that satisfy equation (2.1) are related to HS potentials (2.3) via relation [28, 29]
DW = Hab
∂2
∂ya∂yb
C1 (y, 0|x) + H˜ a˙b˙
∂2
∂y˜a˙∂y˜b˙
C1 (0, y˜|x) (2.4)
often referred to as Central On-Mass-Shell Theorem. Here Hab = dxac˙ ∧ dx
bc˙, H˜ a˙b˙ =
dxc
a˙∧dxcb˙ for the Cartesian coordinates of the flat Minkowski space and D is a nilpotent
covariant differential, D2 = 0. Spinorial indices are raised and lowered by the SL(2)-
invariant antisymmetric tensors εab, ε
ab (ε12 = ε
12 = 1) according to the rules P a = εab Pb
and Qa = Q
b εba implying 〈P Q〉 = εabP aQb = εabPaQb = PcQc (the rules for dotted
indices are analogous with the bracket denoted by
[
P˜ Q˜
]
). In the spin-s sector, (2.4) is
equivalent to the following set of differential equations:
dW = Haa caa + H˜
a˙a˙ c˜a˙a˙ (2.5)
3
for s = 1 and
dWa(m),a˙(n) +mθ (n−m) dxac˙ ∧Wa(m−1),
c˙
a˙(n)+
n θ (m− n) dxca˙ ∧W
c
a(m), a˙(n−1) = 0 for m+ n = 2 (s− 1) , m, n > 0,
dWa(2(s−1)) = H
aa ca(2s), dWa˙(2(s−1)) = H˜
a˙a˙ c˜a˙(2s) . (2.6)
for s ≥ 3/2. Here θ (n) = 1(0) for n ≥ 0(n < 0). Indices denoted by the same letter are
symmetrized.
Gauge transformations δW = Dǫ with an arbitrary zero-form gauge parameter
ǫ =
∞∑
m,n=0
1
m!n!
ǫa1...am,a˙1...a˙n(x)y
a1 . . . yam y˜a˙1 . . . y˜a˙n (2.7)
leave (2.4) (equivalently, (2.5), (2.6)) invariant. Equations (2.5), (2.6) thus define the
spin-s gauge invariant zero-forms ca(2s) and ca˙(2s) via the ⌊s⌋-th derivative of the field
Wa(m),a˙(n) with |m− n| ≤ 1, where ⌊s⌋ is the integer part of s.
As is well known, gauge potentials (2.3) are needed for locality of field interactions.
Therefore one-forms (2.3) rather than zero-forms (2.1) serve as the main ingredient for
calculation of scattering amplitudes. However in this paper it is more convenient to
establish first the correspondence between HS charges and scattering amplitudes in terms
of zero-forms. It should be stressed that since amplitudes themselves are not local, the
two languages are equivalent. Relation to one-forms (2.3) will be discussed in Section 3.5.
As shown in [31] equation (2.1) can be generalized to tensor powers of HS fields by
introducing r ≥ 2 copies of auxiliary variables yaI , y˜
a˙
J (where I, J = 1...r) with rank-r
fields Cr (y, y˜|x) obeying rank-r unfolded equation(
∂
∂xaa˙
+ i δIJ
∂2
∂yaI ∂y˜
a˙
J
)
Cr (y, y˜|x) = 0. (2.8)
Products of r solutions to (2.1)
∏
r
I=1 C
1 (yI , y˜I |x) obviously solve (2.8). The rank-two
field C2 (y, y˜|x) obeying (2.8) encodes HS conserved currents in 4d Minkowski space [31].
Rank-r > 2 fields (also referred to as higher-rank currents) were introduced in [31, 1].
Solutions Cr (y, y˜|x) to (2.8) can be expanded into plane waves
χµ,µ˜ ∼ exp
[
i
(
µIaµ˜Ia˙ x
aa˙ + µIa yI
a + µ˜Ia˙ y˜I
a˙
)]
. (2.9)
Following [20] equation (2.8) can be transformed into a first-order PDE as follows.
Consider a partition r = m+m and represent Cr (y, y˜|x) as a half-Fourier transform
Cr (y, y˜|x) =
1
(2π)2r
∫
d2mλ1...m d
2mλ˜m+1...r e
i
(
ya
i
λia+y˜
a˙
i
λ˜ia˙
)
g(m,m)
(
λi, yi; y˜j, λ˜j
∣∣∣x) , (2.10)
where i, j = 1...m and i, j = m+ 1...r. Equation (2.8) rewritten in terms of Fourier
components g(m,m) has the first-order form(
∂
∂xaa˙
− δij λ
i
a
∂
∂y˜a˙j
− δij λ˜
i
a˙
∂
∂ya˙
j
)
g(m,m)
(
λi, yi; y˜j, λ˜j
∣∣∣x) = 0 (2.11)
with characteristics
λia, y˜
a˙
i + x
aa˙λia and λ˜j a˙, y
a
j
+ xaa˙λ˜j a˙, (2.12)
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where λia = δij λ
j
a and λ˜ia˙ = δij λ˜
j
a˙. A useful solution that depends only on spinor variables
being free of the space-time dependence is
ρij = λiay
a
j
− λ˜j a˙y˜
a˙
i . (2.13)
Analogous expression was introduced in [6] for the so-called “link representation” of scat-
tering amplitudes.
It is convenient to introduce the extended space Cor
(m,m)
2 =M2 × R
4r parameterized
by space-time coordinates xaa˙ together with spinor coordinates ya
i
, λia (2r variables) and
y˜a˙i , λ˜ia˙ (2r variables), dimCor
(m,m)
2 = 4 + 4r. On-shell condition (2.11) implies that
functions g(m,m) on Cor
(m,m)
2 are functions of characteristics (2.12).
We will use plane-wave solutions to (2.11) of the form
χµ,µ˜
(
λi, yi; y˜j, λ˜j
∣∣∣x) = exp [i(µ˜ia˙ (y˜a˙i + xaa˙λia)+ µja (yaj + xaa˙λ˜j a˙))] ·∏
j, a
δ
(
λja − µ
j
a
) ∏
j, a˙
δ
(
λ˜ja˙ − µ˜
j
a˙
)
(2.14)
with µIa and µ˜Ia˙ treated as parameters.
2.2 On-shell closed differential forms
Given solution g(m,m) to (2.11) generates an on-shell closed differential 4r-form inCor
(m,m)
2
[20]
Ω(m,m) [g] = d2mλ d2mλ˜ d2m
(
y + xλ˜
)
d2m
(
y˜ + xλ
)
g(m,m)
(
λi, yi; y˜j, λ˜j
∣∣x). (2.15)
Ω(m,m) [g] contains a top form in differentials of characteristics (2.12), while g(m,m) is some
function of the same characteristics by virtue of (2.11). As a result, de Rham differential
in Cor
(m,m)
2 ,
dCor = dλia
∂
∂λia
+ dλ˜ja˙
∂
∂λ˜ja˙
+ dya
i
∂
∂ya
i
+ dy˜a˙j
∂
∂y˜a˙j
+ dxaa˙
∂
∂xaa˙
, (2.16)
gives zero on (2.15),
dCorΩ
(m,m) [g] = 0 . (2.17)
More in detail, since g(m,m) solves (2.11), it is a function of characteristics (2.12). As a
result,
dCorg
(m,m) =
(
dλia
(
∂
∂λia
− xaa˙
∂
∂y˜a˙i
)
+ dλ˜ja˙
(
∂
∂λ˜ja˙
− xaa˙
∂
∂ya
j
)
+
d
(
ya
j
+ xaa˙ λ˜ja˙
) ∂
∂ya
j
+ d
(
y˜a˙i + x
aa˙ λia˙
) ∂
∂y˜a˙i
)
g(m,m), (2.18)
i.e. dCorg
(m,m) is proportional to differentials of characteristics (2.12). Since Ω(m,m) [g]
(2.15) already contains a top form in characteristics (2.12), (2.17) is true.
We focus on the plane-wave configuration (2.14) considering Ω(m,m) of the form
Ω
(m,m˜)
µ,µ [η] = d
2mλ d2mλ˜ d2m
(
y + xλ˜
)
d2m
(
y˜ + xλ
)
η χµ,µ˜, (2.19)
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where η = η
(
λi, yi; y˜j, λ˜j
∣∣x) is a solution to (2.11). Note that since (2.11) is a first-
order PDE, the product of two its solutions η and χµ,µ˜ is again a solution. It should be
stressed that on-shell closed differential form (2.19) has vast freedom due to the functional
parameter η which is also allowed to depend on the plane wave parameters µIa, µ˜Ia˙ (2.14).
On the other hand, to preserve translational invariance η is demanded to be free of explicit
x-dependence. This is achieved for η depending only on λia, λ˜ja˙ and ρij (2.13)
η = η(λ, λ˜, ρ) . (2.20)
Possible dependence on the plane-wave parameters µIa, µ˜Ia˙ will be implicit.
Integration of (2.19) over a 4r-dimensional hypersurface S ⊂ Cor(m,m)2 gives conserved
charge
Q(m,m)µ,µ˜ [η] :=
∫
S
Ω
(m,m)
µ,µ˜ [η] (2.21)
independent of local variations of S. Our goal is to express multi-particle amplitudes in
the form of such charges.
3 MHV amplitudes
3.1 3-particle amplitude
As mentioned in Introduction, the n-particle color-ordered tree amplitude is given by
Parke-Taylor formula (1.1). Our aim is to represent (1.2) in the form (2.21). For 3-
particle amplitude with negative-helicity gluons 1 and 2 expression (1.2) gives
A(12,3)µ,µ˜ =
〈µ1µ2〉
3
〈µ2µ3〉〈µ3µ1〉
δ(4)
( 3∑
I=1
µIaµ˜Ia˙
)
. (3.1)
To represent this expression in the form (2.21) we set r = 3 with m = 2 and m = 1 and
η = η(12,3) :=
∏
i=1,2,j=3 sign
(
ρij
)
with ρij (2.13) (sign (x) is the sign function). For the
integration surface S1 ⊂ Cor
(2,1)
2 such that x = 0, using (2.14) and (2.19) we obtain
Q(2,1)µ,µ˜
[
η(12,3)
]
=
∫
d4λ d2λ˜ d2y d4y˜ exp
(
iµ˜iy˜i + iµjyj
)
δ(2)
(
λ1 − µ1
)
δ(2)
(
λ2 − µ2
)
δ(2)
(
λ˜3 − µ˜3
)
sign (ρ13) sign (ρ23) . (3.2)
Integrating out delta-functions this gives
Q(2,1)µ,µ˜
[
η(12,3)
]
=
∫
d2y d4y˜ exp
(
iµ˜iy˜i + iµjyj
)
sign
(
µ1y3 − µ˜3y˜1
)
sign
(
µ2y3 − µ˜3y˜2
)
. (3.3)
To bring this expression the form of MHV amplitude we change integration variables.
Consider expression (2.13)
µiay
a
j
− µ˜j a˙y˜
a˙
i = ρij (3.4)
as a system of linear equations allowing us to express ya
3
and y˜a˙1,2 via variables ρ13, ρ23
and ξ˜a˙i as follows
ya
j
=
εikε
ac µkc
〈µ1 µ2〉
ρij +
εikε
ac µkc µ˜ja˙
〈µ1 µ2〉
ξ˜a˙i , y˜
a˙
i = ξ˜
a˙
i , (3.5)
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where εik = −εki and ε12 = 1. This allows us to rewrite µ˜iy˜i + µjyj in the exponential of
(3.3) in the form
µ˜iy˜i + µjyj = ρij
〈µj εikµk〉
〈µ1µ2〉
+ ξ˜a˙i
(
µ˜ia˙ +
〈µj εikµk〉
〈µ1µ2〉
· µ˜ja˙
)
. (3.6)
It is also straightforward to calculate the Jacobian
d2y d4y˜ =
1
〈µ1µ2〉
d2ρ d4ξ˜ . (3.7)
As a result, one arrives at
Q(2,1)µ,µ˜
[
η(12,3)
]
=
1
〈µ1µ2〉
∫
d2ρ d4ξ˜ exp
[
i ρij
〈µj εikµk〉
〈µ1µ2〉
]
exp
[
i ξ˜a˙i
(
µ˜ia˙ +
〈µj εikµk〉
〈µ1µ2〉
· µ˜ja˙
)]
·
∏
i,j
sign
(
ρij
)
=
= 〈µ1µ2〉
5
∫
d2ρ d4ξ˜ exp
[
i ρij 〈µj εikµk〉
]
exp
[
i ξ˜a˙i Fia˙
]∏
i,j
sign
(
ρij
)
∝
〈µ1µ2〉5
〈µ2µ3〉〈µ3µ1〉
δ(4) (F ) ,
(3.8)
where
Fia˙ = 〈µ1µ2〉 µ˜ia˙ + 〈µj εikµk〉 µ˜ja˙. (3.9)
Integration over the variables ρ in (3.8) is performed using the well-known formula [32]∫ +∞
−∞
eikx sign (x) dx =
2i
k
. (3.10)
The factor of δ(4) (F ) in (3.8) implies momentum conservation δ(4) (
∑
I µIaµ˜Ia˙). Indeed,
denote Paa˙ = µiaµ˜ia˙ + µiaµ˜ia˙. Then
εab µia Pba˙ = εij Fja˙, (3.11)
which implies δ4 (F ) = 〈µ1µ2〉−2 δ4 (P ). The final result
Q(2,1)µ,µ˜
[
η(12,3)
]
∝
〈µ1µ2〉3
〈µ2µ3〉〈µ3µ1〉
δ(4)
(∑
I
µIaµ˜Ia˙
)
(3.12)
gives (3.1) up to a numerical factor
Q(2,1)µ,µ˜
[
η(12,3)
]
∝ A(12,3)µ,µ˜ . (3.13)
3.2 MHV n-point function
In the case r = n with m = 2 and m = n − 2, expression (2.21) for η = η(12,3...n) :=∏
i=1,2,j=3...n sign
(
ρij
)
gives
Q(2,n−2)µ,µ˜
[
η(12,3...n)
]
=
∫
d4λ d2(n−2)λ˜ d2(n−2)y d4y˜ exp
(
iµ˜iy˜i + iµjyj
)
δ(4)
(
λ− µ
)
δ(2(n−2))
(
λ˜− µ˜
) ∏
i,j
sign
(
λiay
a
j
− λ˜ja˙y˜
a˙
i
)
=
=
∫
d2(n−2)y d4y˜ exp
(
iµ˜iy˜i + iµjyj
) ∏
i,j
sign
(
µiyj − µ˜jy˜i
)
. (3.14)
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Analogously to the case of 3-particle amplitude consider the change of variables from
ya
i
(2(n − 2) variables) and y˜a˙i (4 variables) to ρij (3.4) (2(n − 2) variables) and ξ˜
a˙
i (4
variables) resulting from equations (3.4). Again, this gives parametrization (3.5) and
integration measure
d2(n−2)y d4y˜ =
1
〈µ1µ2〉n−2
d2(n−2)ρ d4ξ˜. (3.15)
The final result is
Q(2,n−2)µ,µ˜
[
η(12,3...n)
]
∝
〈µ1µ2〉n∏
i=1,2,j=3...n〈µiµj〉
δ(4)
(∑
I
µIaµ˜Ia˙
)
. (3.16)
At n = 4 it reproduces 4-particle amplitude with the fixed ordering of gluons, e.g. 1324,
corresponding to the denominator 〈µ1µ3〉〈µ3µ2〉〈µ2µ4〉〈µ4µ1〉 in (3.16):
Q(2,2)µ,µ˜
[
η(12,3...n)
]
∝
〈µ1µ2〉
4
〈µ1µ3〉〈µ3µ2〉〈µ2µ4〉〈µ4µ1〉
δ(4)
(∑
I
µIaµ˜Ia˙
)
. (3.17)
Though (3.16) does not match n-particle MHV amplitude for n > 4 directly (cf. (1.2)),
using the freedom in the choice of parameter η in (2.21) to set
η(1)µ =
〈λ1 µ3〉...〈λ1 µn〉 · 〈λ2 µ3〉...〈λ2 µn〉
〈λ1 λ2〉n−3〈λ2 µ3〉〈µ4 µ5〉...〈µn−1 µn〉〈µn λ1〉
(3.18)
with fixed spinors µ3...n,a allows us to reproduce the n-point MHV amplitude for gluon
ordering 123...n:
Q(2,n−2)µ,µ˜
[
η(1)µ η
(12,3...n)
]
∝ A(12,3...n)µ,µ˜ . (3.19)
Analogously, it is possible to reproduce the charge Q(2,n−2)µ,µ˜
[
η
(σ)
µ η(12,3...n)
]
with any
other ordering σ(1)...σ(n) parameterized by σ ∈ Sn by choosing parameter
η(σ)µ =
〈λ1 µ3〉...〈λ1 µn〉 · 〈λ2 µ3〉...〈λ2 µn〉
〈λ1 λ2〉n−4〈νσ(1) νσ(2)〉〈νσ(2) νσ(3)〉...〈νσ(n) νσ(1)〉
∣∣∣∣
ν1,2→λ1,2, ν3...n→µ3...n
. (3.20)
Note that except for the cases n = 3 or 4 for the ordering 1324, expressions (3.18) and
(3.20) contain momentum variables λ1,2 in the denominator and therefore the MHV n-
point amplitude is reproduced by Q(2,n−2)µ,µ˜
[
η
(σ)
µ η(12,3...n)
]
with non-local parameter η.
3.3 MHV 3-point amplitude for higher spins
Let us also consider MHV-like scattering for three massless HS fields with helicities −s1 <
0, −s2 < 0 and s3 > 0 such that s1 + s2 − s3 > 0 [26, 27]. Note that the latter condition
implies that spins of particles obey the inequality s3 < s1 + s2 known to play significant
role in the context of locality of HS interactions since [33] (see also [34, 35] and references
therein). Such amplitude has the form2 [26, 27]
A
(1s1 2s2 ,3s3 )
µ,µ˜ = 〈µ1µ2〉
(s1+s2+s3)〈µ2µ3〉
(s2−s1−s3)〈µ3µ1〉
(s1−s2−s3) δ(4)
( 3∑
I=1
µIaµ˜Ia˙
)
. (3.21)
2Construction of HS interaction vertices within the light-cone approach was initiated in [36]. The
problem of classification of all HS cubic vertices in flat 3 + 1-dimensional flat space-time was solved in
[37] and generalized to any D in [38].
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To reproduce this amplitude we take (3.2) with the modified parameter
η(1s1 2s2 ,3s3 ) = 〈λ1 λ2〉
∑
3
I=1(sI−1) ρ
(s1−1)+(s3−1)−(s2−1)
13
ρ
(s2−1)+(s3−1)−(s1−1)
23
signρ13 signρ23
(3.22)
which reduces to η(12,3) in (3.2) for s1,2,3 = 1. To perform integration (2.21)
Q
(1s1 2s2 ,3s3 )
µ,µ˜
[
η(1s1 2s2 ,3s3)
]
=
∫
d4λ d2λ˜ d2y d4y˜ exp (iµ˜iy˜i + iµ3y3)
η(1s1 2s2 ,3s3 ) δ4
(
λ− µ
)
δ2
(
λ˜− µ˜
)
(3.23)
we make use of the following consequence of (3.10) [32]:∫ +∞
−∞
xn signx eikxdx =
2in+1 n!
kn+1
, n = 0, 1, 2, . . . . (3.24)
This establishes equivalence of (3.23) and (3.21)
Q
(1s12s2 ,3s3 )
µ,µ˜
[
η(1s1 2s2 ,3s3 )
]
∝ A
(1s12s2 ,3s3 )
µ,µ˜ . (3.25)
Note that spins of particles are controlled by the powers of variables ρij in the parameter
η (3.22) in agreement with the fact that helicity in HS theory is associated with the
difference of degrees of homogeneity of the generating field C1 (y, y˜|x) in y and y˜ [29].
3.4 x-space integration
It is also instructive to perform integration of (2.19) over a surface S2 containing space-
time to show that the result coincides with that for integration over S1 at x = 0. To this
end, for n-particle amplitude (Section 3.2), one has to choose 2(n−2) variables in addition
to the 4 variables xaa˙ to realize a pullback from 2n variables ya
j
+ xaa˙λ˜ja˙, y˜
a˙
i + x
aa˙λia (cf.
(2.12) and (2.15)). This can be achieved by considering equations (2.13) expressing at
given λia and λ˜ia˙ 2n variables y, y˜ in terms of 2(n − 2) variables ρij and 4 variables ξ˜
a˙
i
parametrizing solutions to the homogeneous equations at ρij = 0 (cf. (3.5)). This change
of variables is non-degenerate for all λia, λ˜ia˙ except for the measure-zero set det λia = 0.
The shift
ya
i
→ ya
i
+ xaa˙λ˜ia˙, y˜
a˙
i → y˜
a˙
i + x
aa˙λia˙ (3.26)
leaves ρij invariant (2.13). As a result, integration over x-space is equivalent to the inte-
gration over variables ξ˜ (cf. (3.5) and (3.15)) with the following reparametrization
ξ˜a˙i = x
aa˙λia ⇒ d
4ξ˜ = 〈λ1λ2〉
2 d4x (3.27)
bringing (3.14) to the form
Q(2,n−2)µ,µ˜
[
η(12,3...n)
]
=
∫
d4λ d2(n−2)λ˜ d2(n−2)ρ d4x
1
〈λ1λ2〉n−4
exp
(
i
n∑
I=1
µIaµ˜Ia˙x
aa˙
)
exp
(
i ρij
〈µj εikµk〉
〈µ1µ2〉
)
δ4
(
λ− µ
)
δ2(n−2)
(
λ˜− µ˜
) ∏
i,j
sign
(
ρij
)
. (3.28)
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Integration over x-space gives momentum-conservation delta-function, while that over ρ
leads to the result (3.16) along the lines of Section 3.2. We conclude that integration of
(2.19) over S1 ⊂ Cor
(2,n−2)
2 , parametrized only by spinor variables, and S2 ⊂ Cor
(2,n−2)
2
containing space-time variables x, lead to the same result though starting from different
representations for Q(2,n−2)µ,µ˜ (3.8) and (3.28):
Q(2,n−2)µ,µ˜
∣∣∣
S1
= Q(2,n−2)µ,µ˜
∣∣∣
S2
. (3.29)
Even in this simplest case the relation between different representations in not obvious
unless S1 and S2 are regarded as surfaces in the same total space Cor
(2,n−2)
2 and each
particular representation is obtained via pullback of the on-shell closed differential form
(2.15). That differential form (2.15) is closed ensures that the result of integration is
insensitive to the change of integration surface within the same homotopy class.
Note that the condition r ≥ 3 is essential for representation (3.28) and expression
(3.14) to make sense. This is because 4d momentum-conservation δ-function is ill-defined
for r = 2, i.e., for the conservation law δ(4) (p1 + p2) with both p1 and p2 being on-shell.
This conforms to the fact [20] that the usual bilinear HS conserved charges with r = 2 are
represented as space-time integrals over a 3-dimensional space-like surface with the fourth
dimension being compact manifold carrying spin. For higher ranks r ≥ 3 it is possible to
perform integration over the four-dimensional x-space to obtain a well-defined expression
δ(4) (
∑
r
I=1 pI) for conservation law of the sum of r on-shell momenta (cf. (3.28)).
More in detail, consider the case r = 2 with m = m = 1 with characteristics (2.12)
ya + xaa˙λ˜a˙ and y˜
a˙ + xaa˙λa, (3.30)
the “link variable” ρ (2.13)
ρ = λay
a − λ˜a˙y˜
a˙ (3.31)
and conserved charge (2.21) with η(1,1) = signρ
Q(1,1)µ,µ˜
[
η(1,1)
]
=
∫
S
d2λ d2λ˜ d2
(
y + xλ˜
)
d2
(
y˜ + xλ
)
exp
[
i
(
µ1ay
a + µ˜1a˙y˜
a˙
)]
∏
a=1,2
δ
(
λ1a − µ1a
) ∏
a˙=1,2
δ
(
λ˜1a˙ − µ˜1a˙
)
sign
(
λay
a − λ˜a˙y˜
a˙
)
. (3.32)
The easiest way to compute (3.32) is to use the integration surface S1 ⊂ Cor
(1,1)
2 at x = 0.
This yields
Q(1,1)µ,µ˜
[
η(1,1)
]
∝
(
µ11
µ11
)2 (
µ11µ˜11˙ − µ12µ˜12˙
)
·
δ
(
µ11µ˜12˙ + µ11µ˜12˙
)
δ
(
µ12µ˜11˙ + µ12µ˜11˙
)
δ
(
µ11µ˜11˙ − µ12µ˜12˙ + µ11µ˜11˙ − µ12µ˜12˙
)
. (3.33)
Delta functions on the rhs of (3.33) express conservation condition for the 3-dimensional
space-like projection3 of the total momentum Paa˙ = µ1aµ˜1a˙ + µ1aµ˜1a˙. Hence, at r = 2
amplitude-like expressions for the conserved charges (2.21) contain 3-dimensional delta-
function as in (3.33). As mentioned in Section 2, r = 2-systems describe bilinear conserved
HS charges and therefore expression (3.33) describes free propagation of a particle.
3Recall that vector-spinor dictionary is established by 2×2 Hermitian matrices σν aa˙ (ν = 0 . . . 3) with
Paa˙ = P
ν σν aa˙.
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The three-dimensional delta-function in (3.33) can be obtained as a 3d space integral
as follows. After integration over λ, λ˜ in (3.32) one is left with the integration of a top-form
in characteristics (3.30)
d2
(
y + xµ˜1
)
d2
(
y˜ + xµ1
)
. (3.34)
It is straightforward to verify that the pullback of (3.34) toM2 is zero, while that to any
surface S2 ⊂ Cor
(1,1)
2 containing a 3d surface in M2 is
d2
(
y + xµ˜1
)
d2
(
y˜ + xµ1
)∣∣
S2
∝ dρ d3xaa˙µ1aµ˜1a˙ , d
3xaa˙ := dxac˙ dxc
c˙ dxca˙ . (3.35)
By taking space-like surface inM2 subject to condition x11˙+x22˙ = 0 and parametrization
of ρ = µ11y
1 (3.31) one arrives at (3.32) in the form (cf. (3.10))
Q(1,1)µ,µ˜
[
η(1,1)
]
∝
∫
S2
dρ d3xaa˙ µ1aµ˜1a˙ e
i
µ
11
µ11
ρ
ei x
aa˙(µ1aµ˜1a˙+µ1aµ˜1a˙) signρ ∝
µ11
µ11
(µ11µ˜11˙ + µ12µ˜12˙) δ
(
µ11µ˜12˙+µ11µ˜12˙
)
δ
(
µ12µ˜11˙+µ12µ˜11˙
)
δ
(
µ11µ˜11˙−µ12µ˜12˙+µ11µ˜11˙−µ12µ˜12˙
)
.
(3.36)
Expressions (3.33) and (3.36) are equal under the 3-momentum conservation condition.
The above consideration manifests the difference for x-integration between the usual
bilinear conserved HS charges (r = 2) and multi-particle HS charges (r ≥ 3) most inter-
esting from the perspective of scattering amplitudes.
3.5 Form-factors for field strengths
In this section we explain why scattering amplitudes constructed in terms of gauge poten-
tials (2.3) are reproduced in terms of conserved charges (2.21) originally derived in terms
of gauge-invariant field strengths (2.1). Let us first spell out the main idea. By equations
(2.6), spin-s field strength is constructed from the ⌊s⌋-th derivatives of the spin-s gauge
field. This means that one can pass from field strengths to gauge potentials by a non-
local transform. HS framework in question contains space-time non-localities in terms of
rational dependence of parameters η (2.20) on the variables λia and λ˜ja˙ via (2.11). As a
result, HS charges corresponding to gauge potentials (2.3) are related to those for field
strengths (2.1) by inserting into (2.21) an additional parameter (2.20) containing negative
powers of λia, λ˜ja˙. Though technical details may look bulky because of too many indices
we present them for completeness.
Since equation (2.8) describes gauge-invariant field strengths (i.e., HS curvatures)
[28], conserved charges (2.21) most naturally represent r-particle correlation functions
(form-factors) of normally-ordered field operators as
〈0| : Ĉa1(n1),a˙1(n′1) (p1) . . . Ĉar(nr),a˙r(n′r) (pr) : Ŝ|0〉. (3.37)
Here Ŝ is S-matrix4, Ĉa(n),a˙(n′) (p) are symmetric spin-tensors in n indices a and n
′ in-
dices a˙, representing the on-shell derivatives of (anti-)self-dual components of the gen-
eralized spin-s Weyl tensors in momentum space. (Anti-)self-duality is determined by
sign (n′ − n) = (+)−. As explained in Section 2.1, generalized Weyl tensors are related
4 The Coleman-Mandula argument [39] on the triviality of S-matrix with unbroken higher symmetries
is not applicable here because, generally, HS symmetries are broken by a chosen symmetry parameter η.
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to gauge fields (2.3) via Central On-Mass-Shell Theorem (2.4). More in detail, let gauge
potentials (2.3) be of the plane-wave form with the following (negative) polarization spin-
tensors:
dxaa˙ w
(−)
a(k),a˙(l) (x) ∝ θ (k − l) dx
aa˙
k︷ ︸︸ ︷
µa . . . µa
l︷ ︸︸ ︷
κ˜a˙ . . . κ˜a˙[
κ˜ µ˜
]l ei µbµ˜b˙xbb˙ , (3.38)
where µaµ˜a˙ is light-like momentum and κ˜a˙ is an arbitrary reference spinor such that[
κ˜ µ˜
]
6= 0 (cf. Section 2.1). Then fields (3.38) obey equations (2.5), (2.6) with the
generalized Weyl tensors
c
(−)
a(n),a˙(n′) (x) ∝ θ (n− n
′)µa . . . µa︸ ︷︷ ︸
n
µ˜a˙ . . . µ˜a˙︸ ︷︷ ︸
n′
ei µbµ˜b˙x
bb˙
, (3.39)
where n− n′ = 2s. As a result, gauge potentials (3.38) correspond to the self-dual (SD)
projection of free HS fields. Construction of (positive-polarization) anti-self-dual (ASD)
counterparts W (+) for (3.38) and C(+) for (3.39) is analogous.
Upon quantization negative polarization spin-tensors ofW (−) (3.38) and C(−) (3.39), as
well asW (+) and C(+), are equipped with creation and annihilation operators â†±s (~p) , â±s (~p)
of particular momentum, spin and polarization. Right action of the normal ordered prod-
ucts of field operators produce an out-state dressed with the polarization tensors as follows
〈0| : ŵ(σ1)
a1(k1),a˙1(l1)
(p1) . . . ŵ
(σr)
ar(kr),a˙r(lr)
(pr) : ∝
r∏
I=1
θ (sign (σ) (lI − kI))
kI︷ ︸︸ ︷
ξ
(σI)
I aI
. . . ξ
(σI)
I aI
lI︷ ︸︸ ︷
ξ˜
(σI)
I a˙I
. . . ξ˜
(σI)
I a˙I(
ξ
(σI )
I , ξ˜
(σI)
I
)min(kI ,lI) 〈p(σ1)1 . . . p(σr)r ∣∣∣ , (3.40)
where ξ
(σ)
a = θ (σ) κa + θ (−σ) µa and ξ˜
(σ)
a˙ = θ (σ) µ˜a˙ + θ (−σ) κ˜a˙, for paa˙ = µaµ˜a˙ and
reference spinors κa, κ˜a˙, with bracket
(
ξ(σ) ξ˜(σ)
)
:= θ (σ) 〈κ µ〉+ θ (−σ)
[
κ˜ µ˜
]
(cf. (3.38)).
Analogous expression takes place for Weyl tensors (3.39):
〈0| : Ĉ(σ1)
a1(k1),a˙1(l1)
(p1) . . . Ĉ
(σr)
ar(kr),a˙r(lr)
(pr) : ∝
r∏
I=1
µI aI . . . µI aI︸ ︷︷ ︸
kI
µ˜I a˙I . . . µ˜Ia˙I︸ ︷︷ ︸
lI
〈
p
(σ1)
1 . . . p
(σr)
r
∣∣∣ (3.41)
with sign(σI) = sign(lI − kI) (cf. (3.39)). As a result, form-factors (3.37) are related to
scattering amplitudes via dressing with polarization tensors:
〈0| : Ĉ(σ1)
a1(k1),a˙1(l1)
(p1) . . . Ĉ
(σr)
ar(kr),a˙r(lr)
(pr) : Ŝ |0〉 ∝
r∏
I=1
µI aI . . . µI aI︸ ︷︷ ︸
kI
µ˜I a˙I . . . µ˜Ia˙I︸ ︷︷ ︸
lI
〈
p
(σ1)
1 . . . p
(σr)
r
∣∣Ŝ∣∣0〉 . (3.42)
For instance, consider correlators for spin-1 field strengths. At the tree level, form-factors
containing field strengths are related to the r-particle Parke-Taylor amplitude (1.2)
〈0| : Ĉ(−)a1a1 (p1) Ĉ
(−)
a2a2
(p2) Ĉ
(+)
a˙
3
a˙
3
(p3) . . . Ĉ
(+)
a˙ra˙r
(pr) : Ŝ |0〉tree ∝∏
i=1,2
µi,aiµi,ai
∏
j=3...r
µ˜j,a˙
j
µ˜j,a˙
j
〈µ1 µ2〉4
〈µ1 µ2〉〈µ2 µ3〉 . . . 〈µr µ1〉
δ(4)
( ∑
I=1,2,3...r
µIaµ˜Ia˙
)
. (3.43)
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Therefore correlators (3.43) can be obtained as conserved charges (3.19) by introducing
additional parameter ηCa1(2),a2(2),a˙3(2),...,a˙r(2)
=
∏
i=1,2 λi,aiλi,ai
∏
j=3...r λ˜j,a˙jλ˜j,a˙j to (3.19),
Q(2,r−2)µ,µ˜
[
ηCa1(2)a2(2)a˙3(2)...a˙r(2) η
(1) η(12,3...r)
]
∝
〈0| : Ĉ(−)a1a1 (p1) Ĉ
(−)
a2a2
(p2) Ĉ
(+)
a˙
3
a˙
3
(p3) . . . Ĉ
(+)
a˙ra˙r
(pr) : Ŝ |0〉tree . (3.44)
Analogous expression for the electromagnetic potential (cf. (3.38) at k = l = 1) reads as
〈0| : ŵ(−)a1a˙1 (p1) ŵ
(−)
a2a˙2
(p2) ŵ
(+)
a
3
a˙
3
(p3) . . . ŵ
(+)
ara˙r
(pr) : Ŝ |0〉tree ∝∏
i=1,2
µi,aiκ˜i,a˙i[
κ˜i µ˜i
] ∏
j=3...r
µ˜j,a˙
j
κj,a
j
〈κj µj〉
〈µ1 µ2〉4
〈µ1 µ2〉〈µ2 µ3〉 . . . 〈µr µ1〉
δ(4)
( ∑
I=1,2,3...r
µIaµ˜Ia˙
)
. (3.45)
It can be expressed as conserved charge (3.19) via insertion of the additional parameter
ηwa1a˙1,a2a˙2,a3a˙3,...,ara˙r =
∏
i=1,2
λi,aiκ˜i,a˙i[
κ˜i µ˜i
] ∏
j=3...r
λ˜j,a˙
j
κj,a
j
〈κj µj〉
:
Q(2,r−2)µ,µ˜
[
ηwa1a˙1,a2a˙2,a3a˙3,...,ara˙r η
(1) η(12,3...r)
]
∝
〈0| : ŵ(−)a1a˙1 (p1) ŵ
(−)
a2a˙2
(p2) ŵ
(+)
a
3
a˙
3
(p3) . . . ŵ
(+)
ara˙r
(pr) : Ŝ |0〉tree . (3.46)
We conclude that form-factors for both gauge invariant Weyl tensors and gauge po-
tentials can be represented as multi-particle HS conserved charges (2.21). The action of
gauge transformations on potentials (2.3) turns into the action on symmetry parameter
η in (2.21) according to (2.7) (for the spin-1 case it amounts to shifting reference spinors
κia → κia + ǫµia, κ˜ja˙ → κ˜ja˙ + ǫµ˜ja˙).
Note that charges (3.46) for Weyl tensors are related to those for gauge potentials
(3.44) via a non-local transformation. Namely, for a given momentum paa˙ = µaµ˜a˙ with
reference spinors κa, κ˜a˙ consider parameters
η
(−)
aa˙
(
λ
)
=
κaκ˜a˙
〈λκ〉
[
κ˜ µ˜
] and η(+)aa˙ (λ˜) = κaκ˜a˙
〈µκ〉
[
κ˜ λ˜
] . (3.47)
Then it is straightforward to see that
Q(2,r−2)µ,µ˜
[
ηwa1a˙1,a2a˙2,a3a˙3,...,ara˙r η
(1) η(12,3...r)
]
∝
Q(2,r−2)µ,µ˜
[
η
(−)
c1a˙1
(
λ1
)
η
(−)
c2a˙2
(
λ2
)
η
(+)
a
3
c˙
3
(
λ˜3
)
. . . η
(+)
arc˙r
(
λ˜r
)
ηCa1
c1
,a2
c2
,a˙
3
c˙
3
,...,a
r
c˙
r η(1) η(12,3...r)
]
.
(3.48)
This relation justifies application of the multi-particle conserved HS charges (2.21) con-
structed originally in terms of gauge-invariant zero-forms (2.1) to calculation of scattering
amplitudes in terms of gauge fields (2.3). Since zero-forms are related to gauge potentials
via space-time differentiation, potentials are reconstructed in terms of zero-forms via a
non-local (and gauge-dependent) transformation. In accordance with unfolded equation
(2.11) space-time non-locality results from dividing by spinor variables λia, λ˜ja˙ (cf. (3.47),
(3.48)). Since amplitudes are non-local anyway, such transformations are allowed in this
framework.
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4 Generalized Minkowski space
Rank-r equation (2.8) can be generalized by extending the range of values for spinorial
indices (
∂
∂xaa˙
+ i δIJ
∂2
∂yaI∂y˜
a˙
J
)
Cr (y, y˜|x) = 0, (4.1)
where I, J = 1 . . . r and a, a˙ = 1 . . .K, K ≥ 2. Coordinates xaa˙ are said to parameterize
generalized Minkowski space-time MK [1]. Equation (4.1) is known to admit physical
interpretation for some special values of r and K: for r = 1, K = 2, 4, 8 it describes HS
multiplets in flat space of various dimensions [40, 41] and for r = 2, K = 2 it describes
conformal conserved currents in d = 4 Minkowski space [31]. For K = 2n coordinates xaa˙
can be represented as a 2n × 2n matrix constituted by 2 × 2 blocks xaa˙ij , a, a˙ = 1, 2 and
i, j = 1 . . . n. From this perspective equation (4.1) may be regarded as describing dynamics
of n2-local fields inM2 thus giving rise to polylocal conserved charges. Usual Minkowski
spaceM2 can be regarded as diagonally embedded subspace ofM2n with coordinates xaa˙
of M2 parametrizing a four-dimensional subspace of M2n as xaa˙ij = δij x
aa˙.
Conserved charges for polylocal fields (4.1) of rank r = 1 with K = 2n, n ≥ 3, can be
related to n-point MHV amplitudes (1.2) as follows. Proceeding along the lines of Section
2 equation (4.1) can be transformed to a first-order PDE (cf. (2.11))(
∂
∂xaa˙
− λa
∂
∂y˜a˙
)
g(1,0)
(
λ, y˜
∣∣x) = 0 (4.2)
with characteristics
λa, y˜
a˙ + xaa˙ λa. (4.3)
Correspondence space Cor
(1,0)
K =MK × R
2K is parametrized by variables xaa˙, λa and y˜
a˙,
dimCor
(1,0)
K = K
2+2K. On-shell closed differential form of degree 2K = 4n for solutions
g of (4.2) is constructed as follows (cf. (2.15))
ΩK [g] = d
2nλ d2n
(
y˜ + xλ
)
g
(
λ, y˜
∣∣x). (4.4)
To bring notations to the form suitable for the diagonal embedding M2 ⊂ M2n it is
convenient to take characteristics (4.3) in the form
λia, y˜
a˙
i + x
aa˙
ij λja, (4.5)
where a, a˙ = 1, 2 and i, j = 1 . . . n enumerate single-particle sectors in M2.
To obtain MHV amplitudes (1.2) by integration of (4.4) one has to breakSn symmetry
acting on single-particle variables (4.5) by permutations. To this end we split index i =
1 . . . n into its 2 values i = 1, 2 and n− 2 values j = 3 . . . n,5 thus explicitly distinguishing
between variables λia, y˜
a˙
i + x
aa˙
ij λja and λja, y˜
a˙
j
+ xaa˙
ji
λia (summation over repeated indices
is implied). To obtain the MHV n-point amplitude via pullback of (4.4) to the diagonal
Minkowski subspace M2 ⊂ M2n it suffices to specify g(1,0) = g
(12,3...n)
µ,µ˜ parametrized by
momentum spinors µia, µ˜ia˙ in (4.4) as follows
g
(12,3...n)
µ,µ˜
(
λ, y˜
∣∣x) = 〈λ1 λ2〉4
〈λ1 λ2〉〈λ2 λ3〉 . . . 〈λn λ1〉
δ(4) (σij) δ
(2n)
(
λia − µia
)
δ(4)
(
λia + σij λja
)
δ(2(n−2))
(
µ˜ja˙ − σij µ˜ia˙[
µ˜1 µ˜2
] ) , (4.6)
5To describe different positions of two negative-helicity gluons, one can choose any 2 values of 1 . . . n
for the index i and the rest n− 2 ones for j
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where σij = µ˜ia˙
(
y˜a˙j +x
aa˙
jkλka
)
. The form of expression (4.6) is analogous to the construction
of integration over Grassmannian proposed in [6]. It manifestly breaks Sn symmetry. The
easiest way to check that integration of differential form (4.4) with solution (4.6) indeed
leads to the n-particle MHV amplitude (1.2),∫
Ω2n
[
g
(12,3...n)
µ,µ˜
]
∝ A(12,3...n)µ,µ˜ , (4.7)
is by choosing integration surface S1 ⊂ Cor
(1,0)
K at x
aa˙
ij = 0. The same result is obtained
via diagonal embedding of Minkowski spaceM2 with coordinates x
aa˙ into the generalized
Minkowski space M2n with xaa˙ij = x
aa˙δij. Here the integration is over S2 ⊂ Cor
(1,0)
K
parametrized by 4 variables xaa˙ ofM2 ⊂M2n, 2(n− 2) variables y˜a˙j and 2n variables λia
with y˜a˙i = 0.
Another interesting choice of integration surface S3 ⊂ Cor
(1,0)
K is with y˜
a˙
i = 0. As for
variables xaa˙ij , consider the diagonal embedding of n copies of the usual Minkowski space
M2 into M2n, M2 × · · · ×M2︸ ︷︷ ︸
n
⊂M2n defined as
xaa˙ii ≡ x
aa˙
i and x
aa˙
ij = 0 for i 6= j. (4.8)
In this case one arrives at the pullback of differential form (4.4), (4.6) toM2 × · · · ×M2︸ ︷︷ ︸
n
⊂
M2n
Ω2n[g
(12,3...n)
µ,µ˜ ]
∣∣∣∣
M2×n
∝ d2nλ ∧
(
n∧
i=1
Habi λiaλib
)
g
(12,3...n)
µ,µ˜
(
λ, 0
∣∣xi), (4.9)
where Habi = dx
a
i c˙∧dx
bc˙
i (no summation over i). Note that, in agreement with [4], because
of δ (λi − µi) in (4.6) integration of (4.9) over λ-variables is straightforward leaving one
with multiple integration Habi µiaµib over n copies of two-dimensional surfaces in M2
spanned by light-like momenta piaa˙ = µiaµ˜ia˙ and negative-helicity polarizations ǫ
(−)
iaa˙ =
µiaκ˜ia˙[
µ˜ κ˜
] . To perform integration (4.7) it is convenient to use the following parametrization
of two-dimensional planes
xaa˙i =
κi
az˜a˙i
〈µi κi〉
, (4.10)
where κia is a constant spinor for each i (no summation over repeated indices i) and z
a˙
i
parametrize the i-th two-dimensional plane inM2. The result of integration (4.7) over S3,
as anticipated, coincides with those over S1 and S2. Since representation (4.9) contains
multiple integration over space-time variables, the resulting charge (4.7) is space-time non-
local. Note that parametrization (4.10) corresponds to a SD plane in the complexified
Minkowski space MC2 such that dxca˙ (z˜) ∧ dx
c
b˙ (z˜) = 0 for (4.10).
5 Conclusion
It is demonstrated that relation between conserved HS charges of tensor powers of free
massless fields and scattering amplitudes of QFT conjectured in [1] indeed takes place.
The rationale behind this is that scattering amplitudes are expressed in terms of free ingo-
ing and outgoing particles. A general form of the amplitude is determined by an arbitrary
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function η of characteristics of free unfolded field equations which has the meaning of a
HS symmetry parameter [22]. Interactions of one or another QFT determine a theory-
dependent form of η. In particular, parameter η encodes spins of scattering particles
(3.22). That spins of particles are encoded in the HS symmetry parameter via powers of
variables ρ (2.13) allows one to apply HS framework in question to lower-spin theories as
was explicitly demonstrated for the MHV amplitudes of Yang-Mills theory in (3.13) and
(3.19). A promising novel idea arising from the relation between multi-particle HS charges
and scattering amplitudes is that the infinite-dimensional multi-particle HS algebra [23]
acts on the space of amplitudes. Therefore, higher symmetries of scattering amplitudes of
a given QFT, if exist, can be viewed as embedded into the multiparticle HS symmetries.
One problem for the future is to apply the proposed approach to N = 4 SYM.
Conserved multi-particle HS charges are represented as integrals of the η-dependent
on-shell closed differential form (2.15). Since, a priori, η is an arbitrary function of charac-
teristics (2.12) giving rise to an infinite set of conserved charges our construction is likely
to be rich enough to embed all possible scattering amplitudes. Since fields Cr (y, y˜|x)
(2.8) describing massless fields in the unfolded formalism encode all their on-shell non-
trivial derivatives, one may expect that space-time non-localities6 that may appear for HS
charges are sufficient to reproduce scattering amplitudes represented by rational functions
of on-shell momenta pI . This is explicitly checked for the spin-1 Parke-Taylor formula
(1.2) and its HS generalization (3.21). The n-point MHV amplitudes with n ≥ 4 were also
obtained with the aid of the space-time non-local rational symmetry parameter (3.20).
A related comment is that, as explained in Section 3.5, instead of working with gauge
potentials one can perform computations using gauge invariant field strengths in terms
of which the HS conserved charges (2.21) were originally constructed. This is achieved
by allowing charges (2.21) to be non-local in the sense that symmetry parameters η are
allowed to be rational functions of variables λia, λ˜ja˙.
A remarkable novel opportunity due to application of the unfolded approach consists
in representing the multi-particle amplitudes as integrals of a differential form Ω [η] (2.15)
closed in the correspondence space Cor (dimCor > deg Ω) containing both space-time
and spinor space as subspaces. To obtain charge (2.21) one can take different cycles S1 and
S2 in the same homotopy class arriving at different representations of the same conserved
charge. The two representations may be seemingly unrelated unless the total space Cor
with the closed differential form Ω is brought into play. This construction is anticipated to
provide a proper language for relating different approaches in the amplitude calculations
even beyond the HS framework. In this article integration was performed both over the
cycle S1 in the spinor (twistor) space (with coordinates λia, λ˜ja˙, y
a
j
, y˜a˙i (3.14) in Section 2
and λa, y˜
a˙ in Section 3) and over the space-time cycle S2 (cf. (3.28)), giving the same
result.
Besides usual 4d Minkowski space-time M2 we have also made use of unfolded for-
mulation in the generalized Minkowski space-timeMK of [1] which is appropriate for the
description of poly-local products of massless fields. Usual Minkowski space is realized as
the 4-dimensional subspace M2 ⊂MK via diagonal embedding (see Section 4). The ad-
vantage of this approach is that it allows us to treat all single-particle legs of the amplitude
6Note that within the unfolded approach one should distinguish between space-time non-localities
and those in the extended space Cor. For example, rational functions of λia and λ˜ja˙ are local in Cor,
however they actually represent derivatives ∂
∂ya
i
, ∂
∂y˜a˙
j
and hence derivative ∂
∂xaa˙
by (2.8), that may result
in space-time non-locality.
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in a way symmetric with respect to both spinor and space-time sectors. To distinguish
between gluons of opposite helicities in the amplitude one has to take a special solution
(4.6) of unfolded equation (4.2) which manifestly breaks Sn symmetry permuting single-
particle legs. This generalized framework reproduces the n-point Parke-Taylor formula
as well. Moreover, in the generalized Minkowski space MK , n-particle MHV amplitudes
can be interpreted as poly-local charges resulting from multiple integration over n copies
of self-dual two-dimensional planes in the complexified Minkowski space-time (4.9).
Note that in the interesting recent paper [42] scattering amplitudes of a theory were
represented in terms of differential forms in momentum variables. As a result integration
of differential forms elucidates the underlying geometry and controls the structure of
amplitudes via singularities. (Somewhat similar situation took place for the calculation
of HS conserved charges in flat space in the framework of [20] where a 1
z
-singularity in a
C-plane had to be inserted to give a non-zero result.) However what is different between
the constructions of [42] and of this paper is that we consider on-shell closed differential
forms in the correspondence space Cor which unifies space-time and spinor variables (also
including momentum spinors λia, λ˜ja˙ (2.11)). This allows us to relate different expressions
for a given amplitude via deformation of the integration cycle in Cor. Also, the proposed
formalism is applicable to amplitudes containing lower and higher spins while that of [42]
is straightforward only for s ≤ 1.
Apart from application of the proposed technique to the analysis of lower-spin Yang-
Mills-type models, it would be interesting to use it for computation of amplitudes resulting
from nonlinear HS equations of [43]. This project becomes realistic after the issue of
locality in HS equations has been resolved at least in the lowest orders [34, 35, 44].
A peculiarity of HS theory is that it is consistently formulated in the AdS space-time
[45] hence suggesting the computation of flat-space amplitudes starting from AdS. This
is somewhat reminiscent of the computations of unitary Minkowski amplitudes starting
from conformal twistor string in the framework of twistor geometry [4, 17] demanding
reduction to the AdS space. Further extension of the proposed construction to string-like
HS theories proposed in [24] is also very interesting.
Let us stress that our approach is applicable to amplitudes of any kind, i.e., not neces-
sarily MHV and/or tree ones. Corrections of all kinds will contribute to the parameter η
that determines the form of an amplitude. In particular, it would be interesting to extend
our results to NMHV amplitudes and loop corrections (see [46, 7] and references therein),
as well as to HS multiparticle amplitudes [26, 47, 17] by reading off the corresponding
parameters η from the literature.
Among other problems for the future we mention supersymmetrization of the proposed
technique to make it more directly related to the supersymmetric models like N = 4 SYM.
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